EXTREMITIES OF INFINITE PRODUCTS
AND THE HOLDER’S INEQUALITY

GEORGE KARAKOSTAS

ABSTRACT. We use an extension of the Hdlder’s inequality to solve some min-max
problems concerning infinite products.

1. INTRODUCTION

The purpose of this note is to show how an extension of the Holder’s inequality
can be used to obtain extreme points of functionals defined by infinite products.
More specifically consider the following problems:

Problem 1: Let DT denote the positive orthant of the unit ball in /* and consider
a fixed b := (b,) € Dt with norm ||b]|; = 1. We are interested in maximizing the

infinite product
H a'nbn ]
over all sequences (a,) € D*.

Problem 2: Consider a finite positive measure space X, m and a complex valued
function f € L*®(X,m). Then f € LP(X,m), for all'p € [1,+00]. We denote by
Ifll> the usual semi-norm of f as an element of the space L?(X,m). If >} an is
a convergent series of positive real numbers, we are interested in minimizing the

quantity
IT17% llpn

over all sequences (p,) of positive real numbers with E - =1.

It is well known that the previous problems can be solved by seeking local mini-
mum or maximum of the corresponding functionals. Here we shall give answers to
these problems by extending the well known Holder’s inequality to infinite prod-
ucts of functions. Also by this result many useful inequalities concerning series and
infinite products can be obtained.

Holder’s inequality holds for any finite set of factors, (see, e.g., [1, pp. 231-232],
or [2, pp. 63-64], or [3, p. 210}, or [4, p. 68], or [5, p. 86]) and it is met in the
following form:
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Let fi, f2,..., fn be Lebesgue measurable functions. If 0 < p; < 4+00,i=0,1,...,7
are such that pgt = py ! +po~t + .. +pa ", and if f; € L?:, then the product
f1...fn is an element of the space LP° and it holds

(1.1) 1f1-f2eFallpo < IF1llzs-If2lloe - Frllen-

The same proof works to show that inequality (1.1) is true for LP(X, m), where
X,m is any (positive) measure space. It is the purpose of this note to show how
inequality (1.1) can be extended to (infinite) sequences of functions.

2. THE MAIN RESULT

Let X be a nonempty set and let m be a positive measure on X.

Theorem. Let po be a positive real number and let (p;) be a sequence such that
1<p; < +o0,i=1,2,.. and

po = Zpe:—l-

(Notice that <% is taken to be 0.) Assume also that for each indez i a function f;
is given in the space LP* (X, m). If the infinite product I1f; converges a.e. on X to

a certain f, then f belongs to LP° (X, m) and it satisfies the inequality
(2.1) £ llpo < TT 1illp:-

Proof. Assume first that po = 1 and m(X) = 1.

Let B represent the right side of inequality (2.1). If B = 400, then we have
nothing to show. So, assume that B < +oo.

We suppose that B > 0. Then lim||fallp, = 1. For each 7 let gn» be a real
number defined by T

n

Then limg, = +oc and, MOTEOVET, Prnt1 = In+1; for all n. Therefore each element
h of the space LP~+1(X,m) is also an element of L+ (X, m) and it holds

(2.2) 1llgnss < IPllpnss-

Let € > 0 be a fixed real number. Then there is an index ng such that

(2.3) T I1ill: < BeS,

i=1

for all n > no . Fix such an index n and observe that because of (1.1) and (2.3) it
holds

Py
An+41

flfl-f2---fn-fn+1ldm < H[][fdpidm]pli[/ |frst |9+ dm)
i=1
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< Be®|| frt1llgnss

Therefore taking into account relation (2.2) we get

[ |f1-f2- fa-fnaldm < Be® || fn+1llpnss-

Applying Fatou’s lemma and keeping in mind that the number e is arbitrary, we
get

(2.4) 17l =TT £l < T 0%

in the case of B > 0.

If B = 0, then (2.4) also holds. To see this we follow the same procedure as
above with the factor Be® being replaced by the number € and taking into account
that || fa+1llp.,: < 1, eventually for all indices 7.

If X has measure m(X) =: M > 0, we can apply the previous inequality with
respect to the measure %% to see that (2.4) also holds.

If the space X is o-finite, it can be written as the union of an increasing sequence
of sets X; with finite measure. Then (2.4) is valid over all subspaces X, namely,
for f; € LP*(X,m) it holds

/X,. |fldm < H[ij \filPedm]

lp:-

or
[ leXJ |dm < H[/ |ff-'XX,‘ Ipidm];l;s

for all indices j. Applying the monotone convergence theorem, we easily get (2.4).

Finally, assume that po is not necessarily equal to 1. Then, considering the
numbers % and applying (2.4) to |fi|[? we obtain inequality (2.1). The proof of
the theorem is complete. O

Remark.
If m is the discrete measure, then inequality (2.1) takes the form
A g
([T leinlirerzs < JTDleinl™)-
for any sequence (¢;n)-

3. THE ANSWERS TO THE PROBLEMS AND SOME INEQUALITIES

Assume that a := (a,) and b := (b,) are two convergent sequences of nonnegative
real numbers. Applying the previous theorem on the corresponding sequences of
functions we get the following inequalities:

1. X = (—00,0], fa(s) = exp(ans) and pn = %b, or X := R, fu(s) ==

2 .
ezp(Tar) and pr = gﬂl or X := (0,+00), fa(s) := s~e7% and pn := llg.il;

Then we get
[Z bn]zb" H amb’“ < [Z anlz bn H bmbm .
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Thus, the maximum of the quantity [1an’, over all (ax) in the positive orthant
D+ of the unit disc in the space I, is attained by the sequence (“%ﬁ;) , where ||b]|1
is the norm of the sequence (b,) as an element of the space l;, i.e. the limit of the
series 3 b,. This solves our first problem. For example one can easily derive that

1
1'm:zac{]___[c:xv.?{l'T : (an) € DV} = I

2. X :=1[0,1], fn(s) := s**~ and p, = ﬂg'f. Then for any real number ¢ with
tllall + 1 > 0, we get '

T Ganllbll +ba)° < (ellalls + 1)k TT et

3. X :=[0,1],t > -1, fa(s) == sTe5 and Pn = I—'—g—“i. Then we obtain

n

TT (tanllblls + ballall)®™ < [t + Dllall]™: [T oz

4. Applying the above main result we conclude that given a sequence (pn) of
positive real numbers, with 3" p,~* = 1, it holds [ |f|*dm < I1117%"|lp.., where a is
the limit of the series 3 an. Equality holds for p, := a, "} for all n. Therefore the
minimum of the infinite product [T || £~ ||». over all such sequences (p») is equal to
ll712]l: and it is attained by the sequence pn := aan"!. This gives the answer to
the second problem in the begining of this note.
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